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Math 3201 

8.4 The Equations of Sinusoidal Functions 

 

In Math 2201, we examined the quadratic function 𝑦 = 𝑎(𝑥 − ℎ)2 + 𝑘, and learn how to 
read properties such as vertex, direction of opening, etc. from the equation. 
 
Here we will examine transformations of the sine and cosine function, and learn how to 
read various properties from the equation. 
 
Transformed sinusoidal equations are written in the following forms: 
 

𝑦 = 𝑎 sin 𝑏(𝑥 − 𝑐) + 𝑑 
 

𝑦 = 𝑎 cos 𝑏(𝑥 − 𝑐) + 𝑑 
 
Examining the Impact of the "𝒂" Value on the Graph of a Sinusoidal Function 
 
Example 1: 
Consider the graphs shown for each equation: 
 

 𝑦 = sin𝑥       𝑦 = 2sin𝑥 
 
 
 
 
 
 
 
 
 
 
 
 

                        𝑦 = 5sin𝑥       𝑦 =
1

2
sin𝑥 

 
 
 
 
 
 
 
 
 
 



(A)   What happens to the amplitude if 𝑎 gets larger? 
 
 
 
 
 

(B)   Is the shape of the graph affected by the parameter 𝑎? 
 
 
 
 
 

(C)   How is the range affected by the parameter 𝑎? 
 
 
 
 
 
 

(D)   Will the value of 𝑎 affect the cosine graph in the same way that it affects the sine 
graph? Why or why not? 

 
 
 
 
 
Summary of the “𝒂” Value 
 
The 𝑎 value stretches or compresses a graph vertically. It equals the amplitude of the 
function. 
 

𝑎 = amplitude 
 
 
Example 2: 
Determine the 𝑎 value and state the amplitude for each equation: 
 

(A)   𝑦 = 2sin3(𝑥 − 90o) + 1 
 
 
 
 

(B)   𝑦 = 0.75sin2(𝑥 + 45o) − 3 
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Examining the Impact of the "d" Value on the Graph of a Sinusoidal Function 
 
Example 3: 
Consider the graphs shown for each equation: 
 

i.  𝑦 = sin𝑥 
 
 
 
 
 
 
 
 
 
 
 
 
 

ii.    𝑦 = sin𝑥 + 2 
 

 
 
 
 
 
 
 
 
 
 
 
 

iii.    𝑦 = sin𝑥 − 3 
 

 
 
 
 
 
 
 
 
 
 
 



(A)   How does each graph change when compared to 𝑦 = sin𝑥? 
 
 
 
 

(B)   How is the value of d  related to the equation of the midline? 
 
 
 
 
 

(C)  Is the shape of the graph or the location of the graph affected by the parameter d ? 
 
 
 
 
 

(D)   Is the period affected by changing the value of d ? 
 
 
 
 
 

(E)   Will the value of d affect the cosine graph in the same way that it affects the sine   
   graph? Why or why not? 

 

 

 

 

 

 

Summary of the "d" Value 
The "d" value gives us the equation of the midline of a sinusoidal function. 
 

𝑑 = Equation of Midline 
 

 

Example 4: 
Identify the equation of the midline for each sinusoidal function: 
 

(A)   𝑦 = 2sin3(𝑥 − 90o) + 1 
 
 
 
 

(B)   𝑦 = 0.75sin2(𝑥 + 45o) − 3 
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Examining the Impact of the "b" Value on the Graph of a Sinusoidal Function 
 
Example 5: 
Consider the graphs shown for each equation: 
 

i.  𝑦 = sin𝑥 
 
 
 
 
 
 
 
 
 
 
 
 

ii.  𝑦 = sin2𝑥 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

iii.  𝑦 = sin
1

2
𝑥 

 
 
 
 
 
 
 
 
 
 
 



(A)   How does each graph change when compared to 𝑦 = sin𝑥? 
 
 
 
 
(B)   How is the value of b related to the period? 

 
 
 
 
(C)   Write an equation that relates period to the b value. 

 
 
 
Summary of the "b" Value 
 
The "𝑏" value gives us the period of a sinusoidal function. 
 
In degrees: 

𝑝𝑒𝑟𝑖𝑜𝑑 =
360o

𝑏
 

 
 
In radians: 

𝑝𝑒𝑟𝑖𝑜𝑑 =
2𝜋

𝑏
 

 
 
Example 6: 
Determine the period for each equation: 
 
 

(A)   𝑦 = 2sin3(𝑥 − 90o) + 1 
 
 
 
 

(B)   𝑦 = 0.5cos2(𝑥 + 180o) + 2 
 
 

 
 

(C)  𝑦 = 4cos3 (𝑥 −
𝜋

4
) − 5 
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Examining the Impact of the "c" Value on the Graph of a Sinusoidal Function 
 
Example 7: 
Consider the graphs shown for each equation: 
 

i.  𝑦 = sin𝑥 
 
 
 
 
 
 
 
 
 
 
 
 

ii.  𝑦 = sin(𝑥 − 60o)  
 
 
 
 
 
 
 
 
 
 
 
 
 

iii.  𝑦 = sin(𝑥 + 30o) 
 
 
 
 
 
 
 
 
 
 
 
 
 



(A)   How does each graph change when compared to 𝑦 = sin𝑥? 
 
 
 
 

(B) How is the value of c related to starting point? 
 
 
 
 

(C) How can we determine the "phase shift" from the equation of the sinusoidal 
equation? 

 
 
 
 
 
Summary of the "c" Value 
 
The "𝑐" value shifts a graph horizontally. The shift is obtained by taking the opposite sign 
of the number after 𝑥 in the equation. 
 
Examples 8:  
Determine the horizontal shift for each equation: 
 

(A)   𝑦 = 2sin3(𝑥 − 90o) + 1 
 
 
 
 
 

(B)   𝑦 = 0.6sin2(𝑥 + 45o) − 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Maximum/Minimum Points 
 
Midline can be read from a graph, or it can be calculated if we are given an equation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Maximum Point =  midline +  amplitude 

 
Minimum Point =  midline  −  amplitude 
 
Recall: 

amplitude = 𝑎 and the equation of the midline is 𝑦 = 𝑑 
 
Thus, 

Maximum Point = midline + amplitude =  d +  a 
 

Minimum Point =  midline − amplitude =  d −  a 
 
 

Maximum Point =  d + a 
 

Minimum Point =  d − a 
 
Domain and Range of a Sinusoidal Equation 
 
For a sinusoidal function the domain is as follows: 
 

{𝑥|𝑥 ∈ R} 
This may change in application problems in which the 𝑥-values are restricted. 
 
 
 
 



For a sinusoidal function the range is as follows: 
 

{𝑦|minimum ≤ 𝑦 ≤ maximum, 𝑦 ∈ R} 
 
 
Example 8: 
State the domain and range for the following sinusoidal functions. 
 

(A)   𝑦 = 2sin3(𝑥 − 90o) + 1 
 
 
 
 
 
 
 

(B)   𝑦 = 4cos2(𝑥 + 60o) − 3 
 
 
 
 
 
 
 
Example 9: 
Consider the function: 

𝑦 = 2cos4𝑥 + 1 
 
Describe the function by stating the amplitude, equation of the midline, range, and period, 
as well as the relevant horizontal translation of 𝑦 = cos𝑥 
 
 
 
 
 
Example 10: 
Consider the function: 

𝑦 = 3sin2(𝑥 − 45o) 
 
Describe the function by stating the amplitude, equation of the midline, range, and period, 
as well as the relevant horizontal translation of 𝑦 = sin𝑥 
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